The solution of the elliptic partial differential equation has interface singularity at the points which are either the intersections of interfaces or the intersections of interfaces with the boundary of the domain. The singularities that arises in the elliptic interface problems are very complex. In this article we propose an exponentially accurate nonconforming spectral element method for these problems based on [7, 18] . A geometric mesh is used in the neighbourhood of the singularities and the auxiliary map of the form z = ln ξ is introduced to remove the singularities. The method is essentially a least-squares method and the solution can be obtained by solving the normal equations using the preconditioned conjugate gradient method (PCGM) without computing the mass and stiffness matrices. Numerical examples are presented to show the exponential accuracy of the method.
Introduction
An interface problem is a special case of an elliptic differential equation with discontinuous coefficients. Such interface problems arise in different situations, for example, in heat conduction or in elasticity problems whose solution domains are composed of several different materials. There are different kinds of elliptic interface problems: the interface problems with smooth interfaces, the interface problems with nonsmooth solutions etc.. When the interface is smooth enough the solution of the interface problem is also very smooth in the individual regions but global regularity is low (u ∈ H 1 (Ω) and u / ∈ H k (Ω) for k ≥ 2 ). This case has been widely addressed in the literature (finite element methods, immersed interface methods, least-squares methods etc.) [3, 4, 5, 6, 20] . For further information on this problem and existing numerical approaches in the literature, refer to [18] . In this article we consider the interface problems with nonsmooth solutions.
In the solution of the elliptic boundary value problems, singularities may occur when the boundary is not smooth [9] or when the boundary is smooth yet one or more data are not smooth. The second type of singularity typically arises in interface problems. The singularities that arises in the interface problems are very complex. The solution of the elliptic differential equation has interface singularity at the points which are either the intersections of interfaces or the intersections of interfaces with the boundary of the domain. The solution also has singular behavior at the points where the interfaces crosses each other. The interface singularity at the crossing of interfaces is very strong.
The singularities in interface problems has been studied by Kellogg (considered the interface problem for Poisson equation) in [12] . In [13] Kellogg had studied the Poisson equation with intersecting interfaces. The complexity depends on the structure of the eigenvalues of Sturm-Liouville problems corresponding to the singularities. The elliptic interface problems with singularities also has been studied in [14, 22, 23] .
The conventional numerical approaches (the finite difference as well as finite element) may fail to provide any practical engineering accuracy at a reasonable cost. In [3] Babuska studied the interface problem in the frame work of finite element method. The rates of convergence are algebraic for the h−version and p−version of the finite element method. The mesh refinements techniques gives reasonably good results but they require longer computing time and also cannot give acceptable result when the singularities are very strong. The method of auxiliary map has been introduced in [24] for the interface problems by Oh and Babuska in the framework of p− version of FEM (originally introduced in [21] for elliptic problems containing singularities as MAM). With a proper choice of auxiliary mappings this method gives better results than the mesh refinements when the interface singularities are very strong. An optimal choice of the auxiliary mappings requires a prior knowledge of the structure of the interface singularities at the singular points.
In [1] an exponentially accurate method (hp finite element) has been proposed by Babuska and Guo for the elliptic problems with analytic data on the nonsmooth domains like the domains with cracks, re-entrant corners. Geometric mesh has been considered near the corners to resolve the singularities in the solution. They have studied the regularity of the solution in the framework of weighted Sobolev space H k,2 β (Ω) and the countably normed space B l β (Ω). In [2] Babuska and Guo have analyzed the regularity of the interface problem in terms of countably normed spaces. In [10] Guo and H. S. Oh analyzed the hp version of the finite element method for problems with interfaces. They have used geometric mesh near the singularities and shown the exponential accuracy. Geometric mesh together with the auxiliary mapping technique gives better results even if the singularities are extremely severe. They have also presented the theoretical results for interface problems. The theoretical results and numerical scheme of this version can also be applied to general elliptic equations and systems, including elasticity problems with homogeneous and non-homogeneous materials.
In [11] H. Hon and Z. Huang introduced the direct method of lines for numerical solution of interface problems. The interface problem is reduced to variational-differential (V-D) problem on semi-infinite strip in ρ and φ variables by using a suitable transformation of coordinates. Furthermore, the V-D problem is discretized respect with the variable φ and solved numerically. This method requires no prior knowledge of the constructure of the singularity at the singular point.
In [7, 16, 17] P. Dutt et al. proposed an exponentially accurate nonconforming hp/spectral element method to solve general elliptic boundary value problems with mixed Neumann and Dirichlet boundary conditions on non-smooth domains. In [18] , a spectral element method for elliptic interface problems with smooth interfaces has been introduced and this has been extended to the elasticity interface problems in [15] . Blending elements have been used to completely resolve the interface and higher order approximation has been used.
In this article we propose a nonconforming spectral element method for elliptic interface problems with singularities based on [7, 16, 17] . A geometric mesh is used in the neighbourhood of the vertices and the auxiliary map of the form z = ln ξ is introduced to remove the singularities at the corners, which was first introduced by Kondratiev in [19] . In the remaining part of the domain usual Cartesian coordinate system is used. The proposed method is essentially a least-squares method.
In the least-squares formulation of the method, a solution is sought which minimizes the sum of the squares of a weighted squared norms of the residuals in the partial differential equation and the sum of the squares of the residuals in the boundary conditions in fractional Sobolev norms and the sum of the squares of the jumps in the value and its normal derivatives of the function across the interface in appropriate fractional Sobolev norms and enforce the continuity along the inter element boundaries by adding a term which measures the sum of the squares of the jump in the function and its derivatives in fractional Sobolev norms.
The spectral element functions are nonconforming. The solution can be obtained by solving the normal equations using the preconditioned conjugate gradient method (PCGM) without computing the mass and stiffness matrices [16, 25] . An efficient preconditioner is used for the method which is a block diagonal matrix, where each diagonal block corresponds to an element [8] 
Further, let
denote the fractional Sobolev norm of order s, where 0 < s < 1. Here I denotes an interval contained in R.
For the definitions of the other function spaces which appears in this article, refer to [1, 9, 10] . Throughout the article we use x = (x 1 , x 2 ) to represent a point on R 2 (in Cartesian coordinate system).
The contents of this paper are organized as follows: In Section 2 the elliptic interface problem is defined. Discretization of the domain and local transformation are described in Section 3. In Section 4, the numerical scheme has been derived. In Section 5 the computational results are provided for few test problems.
Interface Problem
In this section we state the interface problem and state some known regularity results from [2, 10] . For the convenience of the reader, we consider the polygonal domain as shown in the figure 1 for defining the interface problem, discretization and deriving the numerical scheme. The numerical method is also applicable for general polygonal domains with more number of vertices. . By ω i we denote the measure of the interior angle of Ω at E i . Without loss of generality, we will assume all interfaces meet at only one point E 0 as shown in Fig. 1 . Let (r 0 , θ 0 ) be the polar co-ordinates at the point E 0 and suppose Ω is decomposed into four subdomains Ω 1 , Ω 2 , ..,
Elliptic Interface problem
Let us consider the following interface problem:
where
is the unit normal vector on Γ N and the coefficients are piecewise constants:
Assume that the interface conditions are satisfied. That is, on
where n = (n 1 , n 2 ) is a unit normal vector to the interfaces L k . The asymptotic expansion, uniqueness and regularity of the solution of the above problem (1) -(3) has been discussed in detail in [10] . It has been shown that the solution has r λ type of singularity near the points E i which is similar to the singularity in the solution of elliptic problems on nonsmooth domains like domains with cracks and reentrant corners. But the strength of the singularity is strong in the elliptic interface problems. Here we state the uniqueness and regularity results of the interface problem (1)-(3).
Uniqueness and regularity of the solution
, and f ∈ L β (Ω) with 0 < β i < 1, 0 ≤ i ≤ 4, then the interface problem has unique solution u ∈ H 1 (Ω) [2, 10] .
The solution u may not be in H 2 (Ω) because of the nonsmoothness of ∂Ω and the interface. However, it is analytic in Ω m except at the vertices of Ω m , provided that f and G N are analytic in Ω m except at the vertices. 
β (Ω m ), then u m is analytic in Ω m and on ∂Ω m except at the vertices of Ω m [2, 10] .
1 is the square root of the smallest positive eigenvalue of the corresponding Sturm-Liouville problems or two point boundary value problem. Then the solution u of the interface problem is contained in B 2 β (Ω) (resp. H k+2,2 β
(Ω)) and
. Here each S k for k = 1, 2, .., 4 contains the vertex E k only and contains a part of the interface L k and S 0 contains the point E 0 and contains a part of all the interfaces L k as shown in Fig. 2 . Each subdomain S k , k = 0 is a subset of union of two subdomains Ω i and Ω j for some i, j. For example
Discretization and Stability
., 4 where J k and I k are integers. Let I k be bounded and constant for all k = 1, 2, 3, 4. Let S 0 = Ω 0 i,j : j = 1, 2, .., J 0 , i = 1, 2, . . . , I 0 = 8}be a partition of S 0 such that subdomain division matches on the interface. Let (r k , θ k ) denote polar coordinates with center at E k .
Since the solution of the interface problem has singular behavior at E i , i = 1, 2, .., 4 where the interface intersects the boundary and also at E 0 where the interfaces meet each other, we consider the geometric mesh and use the auxiliary mapping near each point E i . The description of the geometric mesh and the auxiliary mapping is given below.
Geometric mesh near
be an increasing sequence of points such that
meet with interface for some i = I. That is, ψ k I matches with the interface L k and hence separates
2 ) : 0 < r k < ρ} ⊆ S k be a sector with sides Γ k and Γ k+1 . Now choose a geometric mesh with N layers in Π k with a geometric ratio q k (0
Since S k contains a part of the interface L k and ψ k I meet with it, the elements Ω k I,j and Ω k I−1,j have the common edge which lies on the interface. For example, the elements Ω 1 I,j ⊂ Ω 1 and
be an increasing sequence of points such that ψ 0 1 = 0 and ψ 0 9 = 2π and ψ 0 i for some i meet with interfaces L k .
Let Π 0 = {(x 1 , x 2 ) : 0 < r 0 < ρ} ⊆ S 0 be a circular region around E 0 . Now choose a geometric mesh with N layers in Π 0 with a geometric ratio q 0 (0
In the remaining part of S k
In the remaining part of S k , 1 ≤ k ≤ 4, we retain the Cartesian coordinate system (x 1 , x 2 ) i.e., in
Let
Similarly we retain the Cartesian coordinate system (x 1 , x 2 ) in the remaining part of S 0 .
Let 
Auxiliary Mapping
Hence the geometric mesh Ω k i,j , 2 ≤ j ≤ N becomes a quasi-uniform mesh in modified polar coordinates (Fig. 3) . However, Ω k i,1 is a semi-infinite strip. 
Approximation
The nonconforming spectral element functions are sum of tensor products of polynomials of degree W j , 1 ≤ W j ≤ W in their respective modified polar coordinates (4) in
In the infinite sector i.e., in Ω k i,1 , the solution is approximated by a constant which is the value of the function u at the corresponding point E k . The constant value is computed by treating it as a common boundary value during the numerical computation.
Define the spectral element function
on
Moreover there is an analytic mapping M k i,j from the master square S = (−1, 1) 2 to the elements Ω k i,j in Ω 0 and Ω 1 . Define
Numerical Scheme
Here we describe the numerical formulation. This numerical method is essentially a Least-Squares formulation based on [16, 18] . As defined in Section 3,
Where p takes different values based on i value as explained in Section 3. Next, let the vertex E k = x k 1 , x k 2 and
Consider the boundary Fig. 4 ). Let Fig. 4 ). Define
Figure 5: Elements with interface as common edge
As described in section 3, ψ k I matches with the interface L k , the elements Ω k I,j and Ω k I−1,j have the common edge γ s . Letγ s be the image of γ s in τ k and θ k coordinates and thereforeγ s is the common edge ofΩ k I,j andΩ k I−1,j which lies on L k . We define the jump in the solution across γ s ⊆ L k .
[
Now we define the jump across the normal derivative across the interface.
In similar way, we define the term which measures the sum of the squares of the jump in u and its derivatives with respect to τ k and θ k in appropriate Sobolev norms along the inter-element boundaries.
In the remaining part of the domain, i.e on Ω 1 and Ω 0 the solution is smooth in individual subdomains Ω i . The residue in the equation and jumps across the interfaces and inter element boundaries and residue at the boundary has been described in detail in [18] . Here we define the functional near the singularities and in the interior.
Let γ s ⊆Π k and d(E k , γ s ) = in f x∈γs {distance(E k , x)} . Choose α k = 1 − β k as defined in [7] . Let
∈ Π N,W , the space of spectral element functions. Define
Define the functional
In the above µ(γ s ) denotes the measure ofγ s . Define
We choose as our approximate solution the unique F z ∈ Π N,W , the space of spectral element functions, which minimizes the functional r N,W (F u ) over all F u . The method is essentially a least-squares method and the solution is obtained at Gauss-LegendreLobatto points using preconditioned conjugate gradient method without storing the stiffness matrix and load vector. The residuals in the normal equations can be computed efficiently and inexpensively as shown in [17, 25] .
The minimization leads to the normal equations
The vector U composed of the values of the spectral element functions at Gauss-Legendre-Lobatto points is divided into two sub vectors one consisting of the values of the spectral element functions at the vertices of the domain constitute the set of common boundary values U B , and the other consisting of the remaining values which we denote by U I . The computation of U I and U B is described in [17, 25] . An efficient preconditioner has been used which is proposed in [8] for the matrix A so that the condition number of the preconditioned system is as small as possible. The condition number of the preconditioned system is O((ln W) 2 ). The preconditioner is a block diagonal matrix, where each diagonal block is constructed using the separation of variable technique. So the solution is obtained to an exponential accuracy using O(W ln W) iterations of the PCGM. After obtaining the nonconforming solution at the Gauss-Legendre-Lobatto points, a set of corrections are performed [26] so that the solution is conforming and belongs to H 1 (Ω).
Then for W large enough the error estimate
holds, where C and b are constants and u ap is the corrected solution.
Numerical Results
Here we consider few numerical examples to show the effectiveness of the proposed method. For simplicity, we have considered W j = W for all j and the number of layers N = W in the geometric mesh. The relative error e ER = e 1 u 1
, where e = u − u ap is the difference in the exact solution u and the approximate solution u ap measured in H 1 norm. "Iters" is the total number of iterations to compute U I and U B .
Example 1: Interface problem with singularity at the intersection of an interface and the boundary
Let us consider the interface problem on the domain Ω = Ω 1 ∪ Ω 2 as shown in Fig. 6 
−∇.(p∇u)
where the coefficient p is piecewise constant: 
Let the solution of the above interface problem be in the form r λ W(θ). As explained in [10, 24] , λ and W(θ) can be obtained by solving the following Sturm-Liouville problem corresponding to the above interface problem:
The function W(θ) required to satisfy
The solution of the above differential equation W is of the form
Therefore the solution of the interface problem has the following form
The constants C 1 , C 2 , C 3 and C 4 and the eigenvalues λ can be obtained using the above defined boundary and interface conditions (8) and (9) . Now, after applying the boundary conditions, we get
The interface conditions gives
So we have the following homogeneous system   0 −sin −pcos
In order for the system of unknowns C 2 , C 3 , C 4 to have a non-trivial solution, the determinant of the coefficient matrix A of the system should be zero. −pcos
By solving
, we obtain the eigenvalues λ k which are positive real values. The smallest eigenvalue λ 0 among λ k gives the value of the exponent in the leading order singular term in the expansion of u. The value of λ 0 for different values of p is given in the following Table 1 . The strength of the singularity increases as p increases. Table 1 : The exponent of leading order singular term for different p Now, we find the constants C 2 , C 3 and C 4 . From the above linear system
We choose C 3 = 1. Therefore C 4 = tan λπ 2 . Then, one can easily find the value of C 2 from any one of the equations in the linear system. The value of C 2 is given by
Therefore the leading order singular term in the expansion of u has the following form
Remark: The solution u has singular behavior at the point (0, 0) and the strength of the singularity is very strong for larger values of p. These singularities are more stronger than the singularities which generally arises in elliptic problems due to the nonsmooth domains.
Now we present the numerical solution of this problem. We consider the Dirichlet boundary condition on ρ = 1 ( Fig. 6) . Since the strength of the singularity is very strong at the corners a very refined mesh as well as higher degree of approximation is needed to get a good accuracy. In [10] the numerical solution is obtained using hp finite element method. They have used a geometric mesh near the corner with geometric ratio 0.15 and tabulated the relative error for different values of the degree of approximation W with 2W layers in the geometric mesh in the radial direction.
In the following table we have presented the numerical results for p = 5. As explained above the exponent in the leading order singular term in the solution for p = 5 is 0.53544092. We consider the geometric ratio µ = 0. 15 Now we consider p = 10. The exponent in the leading order singular term of the solution is 0.38996444. This is strong compared to the previous exponent. So we need more refined grid near the singular point. Here we consider the geometric ratio µ = 0.15 and µ = e −π . The relative error and iteration count for different values of W is tabulated in the Table 3 . The error decays slowly for the geometric ratio µ = 0.15. One can get better accuracy by increasing the number of layers in the geometric mesh. But this increases the number of degrees of freedom. For µ = e −π the error decays very fast with an increase in the iteration count. Even better accuracy can be achieved with the geometric ratio µ = e −1.5π . In the Figure 8 the graph of log of relative error vs. W has been drawn for µ = 0.15 and µ = e −π . The relation is linear. The results shows the geometric ratio µ = e −1.5π gives better results. Even better accuracy can be achieved with the geometric ratio µ = e −2π with an increase in the number of iterations. The Fig. 9 shows the graph of log of relative error against W for different values of µ. The relation is linear in all cases but the convergence is faster for µ = e −1.5π . Consider the following interface problem on the domain Ω as shown in Fig. 11 .
where the coefficient p is piecewise constant:
with Dirichlet boundary condition on the circle of radius 1. Assume that the two interfaces
2 ), 0 ≤ r ≤ 1} meets at the point E 0 = (0, 0) and u satisfies the interface conditions
Here we are only interested in the behavior of the solution at (0, 0 The solution of the above differential equation W is of the form W(θ) = C 1 cosλθ + C 2 sinλθ in Ω 1 C 3 cosλθ + C 4 sinλθ in Ω 2 .
As explained in the above example, we get a homogeneous system of equations in unknowns C 1 , C 2 , C 3 and C 4 . In order to have a non-trivial solution, the determinant of the coefficient matrix A of the system should be zero. This gives an equation in λ and the eigenvalues λ ′ k s are the solutions of this equation. We have obtained the smallest eigenvalue λ 0 for different values of p and tabulated in the following Table 6 . Table 6 : The exponent of leading order singular term for different p
The singularities in this case are not so strong as the singularities which we have seen in example 1.
We obtain the constants C 1 , C 2 , C 3 and C 4 using the above interface conditions.
=⇒ C 2 = −pC 3 sin2πλ + pC 4 cos2πλ.
Now let C 4 = 1. Then C 1 = C 3 cos2πλ + sin2πλ and C 2 = −C 3 psin2πλ + pcos2πλ. Then one can easily find C 3 . The value of C 3 is given by with the constants C 1 , C 2 and C 3 given above.
We have obtained the numerical solution for p = 500. Figure 12 shows the graph of log of relative error against W for p = 500.The relation is linear. This shows the exponential accuracy of the method. 
Conclusions
The proposed spectral element method for elliptic interface problem with nonsmooth solutions is nonconforming and exponentially accurate. The interface conditions are incorporated as jumps across the interfaces in appropriate Sobolev norms in the Least-Squares formulation. The numerical method is also applicable for general polygonal domains. The numerical solution has been obtained efficiently and inexpensively using PCGM. A decoupled block diagonal preconditioner has been used. More efficient preconditioner for the interface problems is under investigation.
